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/(3,5&,&$ 8QLYHUVLWp GH /LOOH   DYHQXH +DOOH\ 9LOOHQHXYH G¶$VFT )UDQFH
HPDLO  FOHPHQWQDGDO#LUFLFDXQLYOLOOHIU
$EVWUDFW  7KLV SDSHU GHDOV ZLWK DQ XQLGLPHQVLRQDO DQDO\WLFDO PRGHOOLQJ RI
WKH YLEUDWRU\ EHKDYLRXU RI D UHFWDQJXODU EHDP H[FLWHG E\ VHYHUDO SLH]RHOHFWULF
FHUDPLFV JOXHG RQ LWV ORZHU IDFH 7KH HVWDEOLVKPHQW RI WKH HTXDWLRQV RI PRWLRQ
LV JXDUDQWHHG E\ WKH DSSOLFDWLRQ RI +DPLOWRQ¶V SULQFLSOH )URP WKLV DSSURDFK
LW UHVXOWV DQ DFFXUDWH NQRZOHGJH RQ WKH PRGH VKDSH LQ IXQFWLRQ RI WKH JHRPH
WU\ WKH VWUXFWXUH DQG WKH SRVLWLRQV RI WKH SLH]RHOHFWULF DFWXDWRUV 7KLV DSSURDFK
GHSOR\HG RQ D VLPSOH FDVH IDOOV ZLWKLQ D JHQHUDO SURFHVV RI WKH WDFWLOH VXUIDFHV
RSWLPL]DWLRQ 7KLV DUWLFOH VKRZV WKDW LW H[LVWV D WUDGHRII EHWZHHQ WKH RSWLPL]D
WLRQ RI WKH KRPRJHQHLW\ RI WKH WDFWLOH VWLPXODWLRQ DQG WKH FRXSOLQJ IDFWRU
.H\ZRUG  $QDO\WLFDO PRGHOOLQJ +DPLOWRQ¶V SULQFLSOH 3LH]RHOHFWULFLW\ 7DF
WLOH DSSOLFDWLRQV
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'XULQJ WKH ODVW GHFDGH D QRWLFHDEOH LQWHUHVW KDV
EHHQ GHPRQVWUDWHG IRU WKH VHQVH RI WRXFK LQ WKH
KXPDQFRPSXWHU LQWHUDFWLRQ RZLQJ WR LWV LPSRUWDQFH
LQ WKH SHUFHSWLRQ RI RXU ZRUOG E\ WKH PDQLSXODWLRQ
DQG WKH LGHQWLI FDWLRQ RI WKH REMHFWV VXUURXQGLQJ XV
,Q RUGHU WR HQKDQFH WKH LQWHUDFWLRQ EHWZHHQ WKH XVHU
DQG WKH FRPPXQLFDWLQJ GHYLFH LW LV FRQVLGHUHG WR
SURYLGH WR WKH IRUPHU D UHQGHULQJ RI WDFWLOH VHQVDWLRQV
PDWFKLQJ WKH DFWLRQV KH SHUIRUPV ,Q WKLV VHQVH
WKH I HOG RI WDFWLOH IHHGEDFN KDV EHHQ HPSKDVL]HG
E\ WKH HPHUJHQFH RI VHYHUDO WHFKQRORJLHV 2QH RI
WKHP XVHV ODWHUDO IRUFHV ZKLFK FUHDWH WKH LOOXVLRQ RI
I QH WH[WXUHV DQG VXUIDFH IHDWXUHV >@ 0DQ\ KDSWLF
VXUIDFHV KDYH EHHQ UHDOL]HG WR WDNH DGYDQWDJH RI WKLV
LOOXVLRQ :DWDQDEH DQG )XNXL >@ GHYHORSHG WKH I UVW
XOWUDVRQLF YLEUDWLQJ SODWH ZLWK UHVRQDQW IUHTXHQF\ RI
75.6 kHz DQG DPSOLWXGH 2 μm FDSDEOH RI FRQWUROOLQJ
WKH URXJKQHVV VXUIDFH GLVSOD\HG WR D EDUH I QJHU 7KH
PDLQ LGHD ZDV WR XVH WKH UHGXFWLRQ RI WKH HIIHFWLYH
IULFWLRQ WKDQNV WR DQ DLU I OP EHWZHHQ WKH YLEUDWLQJ
SODWH DQG WKH XVHU¶V I QJHU WKH VRFDOOHG VTXHH]H I OP
HIIHFW %LHW HW DO >@ XVHG D PRQRPRUSK FRPSRVHG
RI DQ DUUD\ RI SLH]RHOHFWULF DFWXDWRUV ERQGHG RQ WKH
ORZHU IDFH RI D PHWDOOLF SODWH WR JHQHUDWH RXWRISODQH
YLEUDWLRQV RI 1 μm DPSOLWXGH DW D 30.5 kHz UHVRQDQW
IUHTXHQF\ $ FLUFXODU YDULDQW RI VXFK D GHYLFH ZDV
GHYHORSHG E\ :LQI HOG HW DO >@ ZKR PRXQWHG D JODVV
GLVN RQ D FLUFXODU SLH]RHOHFWULF DFWXDWRU ,Q D QHDU
IXWXUH WKHVH WHFKQRORJLHV ZLOO EH GHVWLQHG WR HTXLS
JHQHUDO SXEOLF V\VWHPV ZLWK WDFWLOH VFUHHQ VPDUW
SKRQHV WDEOHW FRPSXWHUV ODSWRSV UHPRWH FRQWUROV
HWF ,Q IDFW WKHLU LPSOHPHQWDWLRQ LQ D OLPLWHG
HQYLURQPHQW JLYHV ULVH WR RSWLPL]DWLRQ TXHVWLRQV LQ
WHUPV RI HVSHFLDOO\ HQHUJ\ FRQVXPSWLRQ DQG PDVV RI
XVHG SLH]RHOHFWULF FHUDPLFV $ I UVW DWWHPSW KDV EHHQ
FDUULHG RXW E\ 6HUJHDQW HW DO >@ ZKR GHWHUPLQHG WKH
RSWLPDO GLPHQVLRQV RI WKH UHVRQDWRU DQG WKH FHUDPLFV
FRPSRVLQJ WKH GHYLFH LQ RUGHU WR REWDLQ D PD[LPDO
GHI HFWLRQ ZLWK D PLQLPDO VXSSO\ YROWDJH
,Q WKLV SDSHU D GLIIHUHQW SUREOHP LV DGGUHVVHG
,QGHHG LW LV VKRZQ WKDW DQ KRPRJHQHRXV GHIRUPDWLRQ
LV UHTXLUHG LQ RUGHU WR REWDLQ DQ XQLIRUP WDFWLOH
VWLPXOXV WKXV WKH JRDO LV WR REWDLQ VXFK D FRQGLWLRQ
ZLWK D PLQLPDO DPRXQW RI FHUDPLFV DQG HQRXJK
DPSOLWXGH 0RUHRYHU WKH ORFDWLRQ RI WKH DFWXDWRU
LV DOVR RSWLPLVHG WR VHOHFW VSHFLI F PRGH VKDSHV WR
UHDOL]H D VDWLVIDFWRU\ VWLPXODWLRQ %ULHI \ SXW WKH
GHIRUPDWLRQ VKRXOG EH DV KRPRJHQHRXV DV SRVVLEOH
LQ RUGHU WR REWDLQ DQ XQLIRUP WDFWLOH VWLPXOXV DOO RYHU
WKH SODWH VXUIDFH ZKLOH KDYLQJ WKH ODUJHVW FRQYHUVLRQ
IDFWRU
7R DFKLHYH WKLV DQ DQDO\WLFDO PRGHO LV GHYHORSHG LQ
WKH I UVW SDUW RI WKH SDSHU EDVHG RQ VRPH FRPPRQ
DVVXPSWLRQV )RU LQVWDQFH 'XFDUQH HW DO >@ RS
WLPL]H WKH SODFHPHQW DQG WKH GLPHQVLRQV RI VKXQWHG
SLH]RHOHFWULF FHUDPLFV GHGLFDWHG WR YLEUDWLRQ UHGXF
WLRQ 1XPHULFDO PHWKRGV KDYH EHHQ YDOLGDWHG IRU WKH
XQGHUVWDQGLQJ RI WKH G\QDPLF RI WKHVH DFWLYH VWUXF
WXUHV VHH HJ >@ ,Q WKLV SDSHU ZH GHWDLO D JHQHUDO
L]HG PRGHO RI D IUHHIUHH EHDP H[FLWHG E\ na SLH]R
HOHFWULF DFWXDWRUV ERQGHG RQ LWV ORZHU IDFHV GHI QLQJ D
QRQV\PPHWULF JHRPHWU\ ,Q IDFW LQ WKLV DUWLFOH WKH
JHRPHWU\ DQG WKH GLIIHUHQW DVVXPSWLRQV HQDEOLQJ LWV
HVWDEOLVKPHQW ZLOO EH I UVWO\ VSHFLI HG 7KHQ WKH HTXD
WLRQV RI PRWLRQ ZLOO EH GHGXFHG IURP WKH DSSOLFDWLRQ
RI +DPLOWRQ¶V SULQFLSOH )LQDOO\ H[DPSOHV VWUXFWXUHV
FRPSRVHG RI WZR FHUDPLFV ZLOO EH VLPXODWHG DQG VWXG
LHG LQ WHUPV RI KRPRJHQHLW\ DQG SURPRWLRQ RI PH
FKDQLFDO PRGH VKDSH
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7KH DQDO\WLFDO PRGHOOLQJ GHYHORSLQJ EHORZ UHOLHV RQ
D JHRPHWU\ RI D UHFWDQJXODU FURVVVHFWLRQ EHDP FRP
SRVHG RI N SDUWV LQ WKH ORQJLWXGLQDO GLUHFWLRQ DQG
H[FLWHG RQ LWV EDFN DV LOOXVWUDWHG E\ )LJ  E\ na
SLH]RHOHFWULF FHUDPLFV EHKDYLQJ OLNH DFWXDWRUV 7KH
EHDP LV VXSSRVHG WR EH D SDUDOOHOHSLSHG RI GLPHQVLRQV
Lb × wb × hb 7KH ith DFWXDWRU LV D SDUDOOHOHSLSHG RI
WKH VDPH ZLGWK WKDQ WKH EHDP wa = wb D OHQJWK L
(i)
a
DQG D WKLFNQHVV h(i)a  7KHVH FHUDPLFV DUH SRODUL]HG
DORQJ WKH z−D[LV DQG DUH VXSSOLHG E\ WKHLU ORZHU DQG
XSSHU IDFHV LQ RUGHU WR SUHIHUHQWLDOO\ PDNH GHPDQGV
RQ D WUDQVYHUVDO SLH]RHOHFWULF FRXSOLQJ YDULDWLRQ RI
WKH VDPSOH OHQJWK DORQJ WKH xD[LV SHUSHQGLFXODU WR
WKH SRODUL]DWLRQ GLUHFWLRQ 7KHUHDIWHU WKH &DUWHVLDQ
FRRUGLQDWH V\VWHP LV FKRVHQ DQG LWV RULJLQ LV SXW DW WKH
FHQWHU RI WKH EHDP 0RUHRYHU WKH ith DFWXDWRU FHUDP
LFV DUH ORFDWHG E\ WKH VHW RI DEVFLVVDH (x(i)a−, x
(i)
a+)
7KH PRGHOOLQJ RI WKH EHDP G\QDPLF LV EDVHG RQ WKH
&ODVVLFDO /DPLQDWHG 3ODWH 7KHRU\ &/37 VHH HJ
>@ DGDSWHG WR DQ RQHGLPHQVLRQDO SUREOHP 7KH
PDLQ K\SRWKHVLV RI WKLV DSSURDFK DUH UHPLQGHG EHORZ
WR ZKLFK WKH HOHFWULFDO DVVXPSWLRQV KDYH EHHQ DGGHG
0 7KH WKLFNQHVVHV RI WKH EHDP hb DQG WKH FHUDP
LFV (h(i)a )i∈1,na DUH VXSSRVHG WR EH VPDOO FRPSDUHG
WR WKH PDLQ GLPHQVLRQ RI WKH EHDP
0 7KH xzSODQH LV D V\PPHWU\ SODQH IRU WKH SURE
OHP JHRPHWU\ 7KXV DOO PHFKDQLFDO DQG HOHFWULFDO
TXDQWLWLHV DUH LQGHSHQGHQW RI WKH VSDFH YDULDEOH y
)XUWKHUPRUH WKH GLVSODFHPHQW DORQJ WKH yD[LV uy
WKH WUDQVYHUVH VWUDLQ Syy  DQG WKH VKHDU VWUDLQV DURXQG
x DQG zD[LV Syz DQG Sxy UHVSHFWLYHO\ DUH QHJOHFWHG
uy = 0 DQG Syy = Syz = Sxy = 0
0 $OO FURVVVHFWLRQV SHUSHQGLFXODU WR WKH QHXWUDO
D[LV UHPDLQ SODQDU DQG SHUSHQGLFXODU DIWHU GHIRUPD
WLRQ 7KH VKHDU LQ WKH xySODQH LV LPSOLFLWO\ QHJOHFWHG
(Sxz = 0)
0 7KH QRUPDO H[WHQVLRQ LV QHJOLJLEOH GXULQJ WKH
GHIRUPDWLRQ 7KH GHIRUPHG EHDP GRHV QRW FRQVH
TXHQWO\ VWUHWFK DORQJ WKH zD[LV UHVXOWLQJ LQ ]HUR QRU
PDO VWUDLQ (Szz = 0)
0 7KH FHUDPLFV DUH SHUIHFWO\ ERQGHG RQ WKH EHDP
DQG WKH WKLFNQHVV RI WKH ERQGLQJ OD\HU LV QHJOLJLEOH
VR LW LV QRW EH WDNHQ LQWR DFFRXQW 0RUHRYHU WKH GLV
SODFHPHQWV DUH VXSSRVHG WR EH FRPPRQ WR WKH EHDP
DQG WKH FHUDPLFV
0 7KH EHDP LV VXSSRVHG WR EH IUHH RQ LWV HQGV
ZKLFK LPSOLHV WKDW WKH D[LDO IRUFHN  WKH EHQGLQJ PR
PHQW M DQG WKH VKHDU IRUFH Q = M,x DUH QXOO DW
x = ±Lb/2
( 7KH DFWXDWRU FHUDPLFV EHLQJ DVVXPHG UHDVRQ
DEO\ WKLQ DQG VXSSOLHG E\ LWV ORZHU DQG XSSHU IDFHV
WKH HOHFWULF I HOG E GHULYLQJ IURP WKH HOHFWULF SRWHQ
WLDO φ LV VXSSRVHG WR EH RQO\ RULHQWDWHG DORQJ WKH z
D[LV VR PXFK WKDW 
E =
[
0 0 −φ,z
]T 
ZKHUH (.),x GHQRWHV D SDUWLDO GHULYDWLYH ZLWK UHVSHFW WR
WKH YDULDEOH x DQG D VXSHUVFULSWHG T LQGLFDWHV PDWUL[
WUDQVSRVLWLRQ
( 7KH ith DFWXDWRU FHUDPLF LV VXSSRVHG WR EH UH
VSHFWLYHO\ FRQQHFWHG WR WKH SRWHQWLDO v(i)a (t) DQG WKH
JURXQG RQ LWV ORZHU DQG XSSHU IDFHV VR WKDW{
φ(x, z = −hb/2− h
(i)
a , t) = v
(i)
a (t)
φ(x, z = −hb/2, t) = 0
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7KH PDWHULDO RI EHDP LV VXSSRVHG WR EH OLQHDU
LVRWURSLF DQG KRPRJHQHRXV WKHUHIRUH WKH VWUDLQ S DQG
VWUHVV T YHFWRUV DUH OLQNHG E\ WKH +RRNH¶V ODZ )URP
WKH DVVXPSWLRQV 0 0 DQG 0 WKH FRQVWL
WXWLYH UHODWLRQVKLS UHGXFHV WR WKH IROORZLQJ HTXDWLRQ
T = [c]S ⇐⇒ Txx = EbSxx 
ZKHUHEb LV WKH <RXQJ¶V PRGXOXV RI WKH PDWHULDO FRQ
VWLWXWLQJ WKH EHDP
'XH WR WKH DVVXPSWLRQV 0 0 0 DQG (
WKH HTXDWLRQV GHFULELQJ WKH SLH]RHOHFWULF EHKDYLRU UH
GXFH WR 
Txx = c
E
11Sxx − e31Ez
Dz = e31Sxx + ε
S
33Ez

ZKHUH cE11 e31 DQG εS33 DUH UHVSHFWLYHO\ WKH WUDQVYHUVH
VWLIIQHVV DW FRQVWDQW HOHFWULF I HOG WKH SLH]RHOHFWULF FR
HII FLHQW DQG WKH ORQJLWXGLQDO SHUPLWWLYLW\ DW FRQVWDQW
VWUDLQ 7KH EDU V\PERO RQ WKHVH VWUXFWXUDO FRHII FLHQWV
LV D QRWH WR XVH WKH VSHFLI F YDOXH RI WKH WUDQVYHUVH
FRXSOLQJ PRGH 7KH\ DUH H[SUHVVHG DV IROORZV 
cE11 =
1
sE11
; e31 =
d31
sE11
; εS33 = ε
T
33(1− k
2
31) 
ZKHUH k31 LV WKH WUDQVYHUVH SLH]RHOHFWULF FRXSOLQJ IDF
WRU
)LJ  6WUXFWXUH RI D EHDP H[FLWHG E\ na SLH]RHOHFWULF DFWXDWRUV
 .,1(0$7,& $1' (/(&75,&$/ 48$17,7,(6
7KH GLVSODFHPHQW FRUUHVSRQGLQJ WR WKH PHFKDQLFDO
DVVXPSWLRQV DUH >@ 
u =
⎡
⎣u(x, t)− zw,x(x, t)0
w(x, t)
⎤
⎦ 
ZKHUH u DQG w FKDUDFWHUL]H WKH GLVSODFHPHQW I HOGV
LQ ORQJLWXGLQDO H[WHQVLRQ DQG LQ I H[XUH UHVSHFWLYHO\
7KH VWUDLQ YHFWRU S LV GHGXFHG IURP WKH SUHYLRXV UHOD
WLRQVKLS E\ DSSO\LQJ WKH GLVSODFHPHQW JUDGLHQW LQ WKH
IUDPHZRUN RI OLQHDU HODVWLFLW\ VR PXFK WKDW WKH RQO\
QRQ]HUR FRPSRQHQW RI WKLV YHFWRU LV ZULWWHQ DV IRO
ORZV
Sxx(x, z, t) = u,x(x, t)− zw,xx(x, t) 
&RQFHUQLQJ WKH HOHFWULFDO TXDQWLWLHV IRU HDFK DFWXD
WRU FHUDPLF LW IROORZV IURP   DQG  WKDW WKH
HOHFWULF GLVSODFHPHQW I HOG LV JLYHQ E\ 
Dz = e31(u,x − zw,xx)− ε
S
33φ,z 
%HVLGHV VLQFH D LV FRQVHUYDWLYH Dz,z = 0 8VLQJ
WKLV FRQGLWLRQ DQG  WKH HOHFWULF SRWHQWLDO LQ WKH ith
DFWXDWRU FDQ EH GHGXFHG DQG WKH zD[LV FRPSRQHQW RI
WKH HOHFWULF I HOG LV FRQVHTXHQWO\ ZULWWHQ DV IROORZV
Ez(x, z, t) =
v
(i)
a (t)
h
(i)
a
+
e31
εS33
(
z + h(i)ma
)
w,xx(x, t)

ZKHUH h(i)ma = (hb + h
(i)
a )/2 LV WKH DYHUDJH WKLFNQHVV
RI WKH DUHD ZKHUH WKH ith DFWXDWRU FHUDPLF LV ERQGHG
 $33/,&$7,21 2) +$0,/721¶6 35,1&,3/(
$FFRUGLQJ WR >@ D JHQHUDO IRUP RI +DPLOWRQ¶V SULQ
FLSOH DSSOLHG WR D SLH]RHOHFWULF V\VWHP LV
∫ t2
t1
(δL+ δWext)dt = 0 
ZKHUH δL DQG δWext DUH UHVSHFWLYHO\ WKH YDULDWLRQV
RQ WKH WLPH LQWHUYDO [t1, t2] RI WKH PRGLI HG /DJUDQJLDQ
L DQG WKH ZRUN GRQH E\ H[WHUQDO IRUFHV DQG VRXUFHV
ZKLFK LV H[SUHVVHG DV IROORZV
δWext =
∫
Γb
nδudΓ +
∫
Γb
pδwdΓ +
na∑
i=1
i(i)a δλ
(i)
a

ZKHUH n(x, t) DQG p(x, t) DUH UHVSHFWLYHO\ WKH OLQHDU
GHQVLW\ RI D[LDO DQG QRUPDO IRUFHV 7KH PRGLI HG /D
JUDQJLDQ L LV WKH VXP RI WKH /DJUDQJLDQ L RI WKH
JOREDO VWUXFWXUH WR ZKLFK /DJUDQJH PXOWLSOLHUV IRU
PRUH GHWDLOV VHH HJ >@ KDYH EHHQ DGGHG LQ RUGHU
WR UHVSHFW WKH 3(N−1) NLQHPDWLF FRQGLWLRQV DW WKH LQ
WHUIDFHV EHWZHHQ HDFK VHFWLRQ Γk ZKLFK DUH H[SUHVVHG
DV IROORZV⎧⎨
⎩
u(x = x−k , t) = u(x = x
+
k , t)
w(x = x−k , t) = w(x = x
+
k , t)
w,x(x = x
−
k , t) = w,x(x = x
+
k , t)

7KH /DJUDQJLDQ L RI WKH VWXGLHG V\VWHP LV WKH VXP RI
na + 1 FRQWULEXWLRQV FRUUHVSRQGLQJ WR WKH DFWXDWRUV
DQG WKH EHDP VR PXFK WKDW
L = Lb +
na∑
i=1
L(i)a 
ZKHUH Lb LV WKH /DJUDQJLDQ RI WKH EHDPZKLFK LV FODV
VLFDOO\ ZULWWHQ DV IROORZV
Lb =
1
2
∫
Γb
[
Mb(u˙
2 + w˙2)−Kbu
2
,x −Dbw
2
,xx
]
dΓ

ZKHUH Γb =
⋃N
k=1 Γk V\PEROLVHV WKH QHXWUDO D[LV RI
WKH EDUH EHDP DQGMb Kb DQG Db DUH UHVSHFWLYHO\
WKH OLQHDU PDVV D[LDO VWLIIQHVV DQG I H[XUDO ULJLGLW\ RI
WKH EHDP GHI QHG E\
Mb = ρbwbhb ; Kb = c¯11wbhb ; Db = c¯11wb
h3b
12

DQG L(i)a LV WKH /DJUDQJLDQ RI WKH ith DFWXDWRU FHUDPLF
GHI QHG DV IROORZV
L(i)a =
1
2
∫
Γ
(i)
a
[
M(i)a (u˙
2 + w˙2)
−K(i)a u
2
,x − 2J
(i)
a u,xw,xx −D
(i)
a w
2
,xx
+2
[
ψ(i)a u,x + ϕ
(i)
a w,xx
]
v(i)a + C
(i)
a (v
(i)
a )
2
]
dΓ

ZKHUHM(i)a = ρ(i)a wah
(i)
a LV WKH OLQHDU PDVV RI WKH
ith DFWXDWRU FHUDPLF DQG K(i)a  J (i)a  D(i)a DUH UHVSHF
WLYHO\ WKH OLQHDU D[LDO VWLIIQHVV HODVWLF FRXSOLQJ IDFWRU
I H[XUDO ULJLGLW\ GHI QHG E\
K(i)a = c¯
E
11wah
(i)
a ; J
(i)
a = c¯
E
11wah
(i)
a h
(i)
ma 
D(i)a = c¯
E
11wah
(i)
a
[
(h
(i)
a )2
12(1− k231)
+ (h(i)ma)
2
]

ψ
(i)
a  ϕ(i)a DQG C(i)a DUH WKH OLQHDU D[LDO DQG I H[XUDO
HOHFWURPHFKDQLFDO FRXSOLQJ IDFWRUV DQG WKH FODPSHG
FDSDFLWDQFH ZKRVH H[SUHVVLRQ DUH UHVSHFWLYHO\
ψ(i)a = e¯31wa ; ϕ
(i)
a = e¯31wah
(i)
ma ; C
(i)
a = ε¯
S
33
wa
h
(i)
a

$SSO\LQJ WKH UXOHV RI YDULDWLRQDO FDOFXOXV >@ WKH
VWDWLRQDU\ RI WKH GHI QLWH LQWHJUDO  OHDGV WR WKH
HTXDWLRQV JRYHUQLQJ WKH V\VWHP G\QDPLF DQG DGGL
WLRQDOO\ JLYHV WKH 3(N − 1) H[WUD FRQWLQXLW\ UHODWLRQ
VKLSV E\ UHPRYLQJ WKH /DJUDQJH PXOWLSOLHUV 7KHVH
IRUHJRLQJ HTXDWLRQV DIIHFW WKH D[LDO IRUFH N  WKH
EHQGLQJ PRPHQWM DQG WKH VKHDU IRUFHQ ZKLFK PD\
EH H[SUHVVHG LQ D JHQHUDO ZD\ RQ D VHFWLRQ Γk = Γ
(i)
a
ZKHUH WKH ith DFWXDWRU FHUDPLF LV JOXHG DV IROORZV
• &RQWLQXLW\ UHODWLRQVKLSV DW x = xk⎧⎪⎨
⎪⎩
Nk−1(xk, t) = Nk(xk, t)−N
(i)
a (t)
Mk−1(xk, t) = Mk(xk, t)−M
(i)
a (t)
Qk−1(xk, t) = Qk(xk, t)

• &RQWLQXLW\ UHODWLRQVKLSV DW x = xk+1⎧⎪⎨
⎪⎩
Nk(xk+1, t)−N
(i)
a (t) = Nk+1(xk+1, t)
Mk(xk+1, t)−M
(i)
a (t) = Mk+1(xk+1, t)
Qk(xk+1, t) = Qk+1(xk+1, t)

,W VKRXOG EH QRWHG WKDW WKH EHDP YLEUDWLRQ LV ORFDOO\
LQGXFHG DW WKH HQGV RI HDFK DFWXDWRU FHUDPLF E\ PHDQV
RI DQ D[LDO IRUFH N (i)a (t) = ψ(i)a v(i)a (t) DQG D EHQGLQJ
PRPHQWM (i)a (t) = ϕ(i)a v(i)a (t)
,Q D SXUH I H[XUH FDVH ZKHUH DQ XQFRXSOLQJ RI WKH
D[LDO u DQG I H[XUDO w PRWLRQV KDV EHHQ DFWHG IRU
PRUH GHWDLOV VHH >@ 6HF  S  WKH UHVXOW
LQJ PHFKDQLFDO HTXDWLRQV DUH ZULWWHQ RQ HDFK VHFWLRQ
(Γk)k∈1,N DV IROORZV
∀x ∈ Γk , Mkw¨(x, t) +Dkw,xxxx(x, t) = p(x, t)

ZKHUHMk DQG Dk DUH WKH OLQHDU PDVV DQG I H[XUDO
ULJLGLW\ RI WKH VHFWLRQ Γk JLYHQ E\
Mk =
{
Mb +M
(i)
a , if Γk = Γ
(i)
a
Mb , otherwise

DQG
Dk =
{
D
(i)
ba −
[
J
(i)
a
]2
/K
(i)
ba , if Γk = Γ
(i)
a
Db , otherwise

ZLWK K(i)ba = Kb + K
(i)
a DQG D(i)ba = Db +D
(i)
a  )URP
WKH HTXDWLRQ  WKH GHWHUPLQDWLRQ RI HLJHQPRGHV LV
FDUULHG RXW IRU D IUHH EHDP ZLWK VKRUW FLUFXLWHG DFWXD
WRU FHUDPLFV $VVXPLQJ WKDW WKH PHFKDQLFDO DQG HOHF
WULFDO TXDQWLWLHV KDUPRQLFDOO\ HYROYH ZKLFK PHDQV
IRU WKH GHI HFWLRQ WKDW w(x, t) = w(x) exp (jωt) ZLWK
j2 = −1 DQG ω WKH DFWXDWRU FHUDPLFV $& YROWDJH DQ
JXODU IUHTXHQF\ LW OHDGV WR
∀x ∈ Γk , w,xxxx(x) − (αkkb)
4w(x) = 0 
ZKHUH kb = (ω2Mb/Db)1/4 LV WKH ZDYH YHFWRU UH
ODWHG WR WKH I H[XUDO PRGHV RI WKH EDUH EHDP DQG αk =
[(Mk/Mb)/(Dk/Db)]
1/4 7KH JHQHUDO VROXWLRQ RI
WKLV V\VWHP RI HTXDWLRQV LV ZULWWHQ DV D OLQHDU FRPEL
QDWLRQ RI 'XQFDQ¶V IXQFWLRQ GHI QHG IRU i = 1, 2 E\
[ci, si] = [cosh+(−1)
i+1 cos, sinh+(−1)i+1 sin]
7KH XVH RI WKH ERXQGDU\ FRQGLWLRQV 0 DQG WKH
FRQWLQXLW\ UHODWLRQVKLSV   DQG  OHDGV WR
D V\VWHP RI 4N HTXDWLRQV ZKLFK GHJHQHUDWHV IRU SDU
WLFXODU IUHTXHQFLHV GHI QLQJ WKH UHVRQDQFHV )XUWKHU
PRUH LW HQDEOHV WR I QG WKH PRGH VKDSHV XS WR D PXO
WLSOLFDWLYH FRQVWDQW ZKLFK FDQ EH VHW XVLQJ WKH PRGDO
PDVV QRUPDOL]DWLRQ FULWHULRQ ZLWK WKH IROORZLQJ UHOD
WLRQVKLS
∀n ∈ N∗ ,
N∑
k=1
∫
Γk
Mk
[
φ(n)(x)
]2
dx = 1 
 6,08/$7,21
7KH LQLWLDO DLP RI VXFK D VWXG\ LV WR TXDQWLI\ WKH LQ
I XHQFH RI WKH FHUDPLFV RQ WKH I H[XUDO PRGH VKDSHV
ERWK WKH LPSDFW RI WKHLU GLPHQVLRQV WKHLU FRQVWLWX
WLRQ DQG RQH RI WKHLU SRVLWLRQ HYHQ LI QR GDPSLQJ
KDV EHHQ FRQVLGHUHG LQ WKH DQDO\WLFDO PRGHOOLQJ 7KH
FDVH RI D EHDP H[FLWHG E\ WZR FHUDPLFV JOXHG ZLWK
WKH VDPH SRODUL]DWLRQ GLUHFWLRQ LV KROG DQG WKH SDUDP
HWHUV XVHG IRU WKH VLPXODWLRQ DUH VXPPDUL]HG LQ 7D
EOH , ,Q OLJKW RI WKHVH FRQVLGHUDWLRQV D SUHOLPLQDU\
SDUDPHWULF VWXG\ KDV EHHQ FDUULHG RXW LQ RUGHU WR GH
WHUPLQH WKH FHUDPLFV SRVLWLRQV RQ WKH KRVW VWUXFWXUH
RSWLPL]LQJ WKH HQHUJ\ FRQYHUVLRQ DOO RWKHUV WKLQJV
EHLQJ HTXDO 7KH LGHD ZDV WR VWXG\ IRU HDFK PRGH
VKDSH WKH HYROXWLRQ RI WKH HIIHFWLYH HOHFWURPHFKDQL
FDO FRXSOLQJ FRHII FLHQW ((0&& k(n)eﬀ DJDLQVW WKH VHW
RI SDUDPHWHUV (ξ(1)a , ξ(2)a ) = (x(1)a−, x
(2)
a−)/Lb GHI QLQJ
WKH FHUDPLFV SRVLWLRQV ,Q SLH]RHOHFWULFLW\ k(n)eﬀ LV WKH
FODVVLFDO UHOHYDQW SDUDPHWHU HQDEOLQJ WR FKDUDFWHUL]H
WKH HQHUJ\ FRQYHUVLRQ DFWLQJ LQ WKH SUHVHQW FDVH EH
WZHHQ WKH FHUDPLFV DQG WKH KRVW VWUXFWXUH ,W LV GHI QHG
E\ WKH ,((( VWDQGDUGV >@ DV IROORZV
k
(n)
eﬀ =
√√√√1−
[
f
(n)
sc
f
(n)
oc
]2

ZKHUH f (n)sc DQG f (n)oc DUH WKH UHVRQDQW IUHTXHQFLHV RI
WKH YLEUDWLQJ V\VWHP ZKLOH WKH DFWXDWRU FHUDPLFV DUH
UHVSHFWLYHO\ LQ VKRUWFLUFXLW DQG RSHQ FLUFXLW )RU H[
DPSOH k(n)eﬀ LV GHSLFWHG LQ )LJ  DV D IXQFWLRQ RI ξ
(1)
a
DQG ξ(2)a IRU WKH I IWK PRGH LQ I H[XUH 7KH FHQWUDO EDQG
FRUUHVSRQG ZLWK WKH FHUDPLFV RYHUODSSLQJ ZKLFK KDV
QR SK\VLFDO UHDOLW\ 7KH V\PPHWU\ RI WKH SDWWHUQ LV
GXH WR WKH HTXLYDOHQW FKDUDFWHULVWLFV RI ERWK FHUDPLFV
, *HRPHWULFDO DQG VWUXFWXUDO SDUDPHWHUV
'HI QLWLRQ 9DOXH 8QLW
Lb /HQJWK  PP
wb :LGWK  PP
hb 7KLFNQHVV  PP
ρb 0DVV GHQVLW\  NJP3
Eb <RXQJ¶V PRGXOXV  *3D
L
(i)
a /HQJWK  PP
w
(i)
a :LGWK  PP
h
(i)
a 7KLFNQHVV  PP
ρ
(i)
a 0DVV GHQVLW\  NJP3
sE11 &RPSOLDQFH 17× 10−12 P21
−d31 3LH]R FRHI 260× 10−12 P9
εT33 3HUPLWWLYLW\ ε0 )P
k31 &RXSOLQJ IDFWRU 
7KLV I JXUH LV XVHG WR GHGXFH WKH ORFDWLRQ RI WKH FH
UDPLFV SURPRWLQJ D SDUWLFXODU PRGH )RU LQVWDQFH WKH
JHRPHWU\ GHI QHG E\ (ξ(1)a , ξ(2)a ) = (−0.240, 0.150)
QDPHG WKHUHDIWHU 6 VSHFLI FDOO\ SURPRWHV WKH I H[
XUDO PRGH RI UDQN  )RU SXUSRVH RI FRPSDUL
í í í í í     
í
í
í
í
í





ξ
(1)
a
ξ
(2)
a
k
(5)
eﬀ
• (S1)
• (S2)







)LJ  ((0&& IRU WKH I IWK I H[XUDO PRGH VKDSH
VRQ DQRWKHU JHRPHWU\ QDPHG 6 DQG GHI QHG E\
(ξ
(1)
a , ξ
(2)
a ) = (−0.115, 0.005) JOREDOO\ SURPRWHV WKH
PRGHV RI UDQN  DQG  7KHVH JHRPHWULHV ZHUH
PDQXIDFWXUHG DQG WKH WDEOH ,, VKRZV WKH JRRG DJUHH
PHQW EHWZHHQ SUHGLFWHG DQG PHDVXUHG UHVRQDQW IUH
TXHQFLHV 7KH PRGHOOLQJ GHYHORSHG LQ WKH SDSHU FDQ
,, $QDO\WLFDO DQG H[SHULPHQWDO UHVRQDQW IUHTXHQFLHV
RI ERWK VWUXFWXUHV 6 DQG 6
f
(n)
r +] 6WUXFWXUH 6 6WUXFWXUH 6
0RGH UDQN 7K ([S 7K ([S
  ×  
    
    
DOVR EH XVHG WR FRPSDUH WKH PRGH VKDSHV RI ERWK JH
RPHWULHV VHH )LJ  7KLV I JXUH VKRZV WKH I IWK PRGH
LQ I H[XUH IRU HDFK VWUXFWXUH WKH RQH GHWHUPLQHG IRU D
EDUH EHDP KDV EHHQ PRUHRYHU DGGHG LQ GRWWHG OLQH
DQG KLJKOLJKWV WKH IDFW WKDW WKH PRGH VKDSH LV PRGL
I HG E\ WKH FHUDPLFV +RZHYHU LQ WDFWLOH DSSOLFDWLRQV
WKH XVHU FDQ EH VHQVLEOH WR PRGDO GHIRUPDWLRQ ,Q
GHHG WKH VWLPXODWLRQ GHSHQGV RQ WKH YLEUDWLRQ DPSOL
WXGH EHORZ WKH I QJHUWLS >@ 7KLV LQI XHQFH FDQ EH
TXDQWLI HG LQ WHUPV RI KRPRJHQHLW\ RI WKH YLEUDWLRQ
XVLQJ WKH PLQLPL]DWLRQ RI WKH IROORZLQJ FULWHULRQ GH
I QHG IRU n ∈ N\{0, 1} E\
σ
(n)
H =
n∑
i=1
j<i
∣∣∣∣
∣∣∣φ(n)(χ∗i )∣∣∣− ∣∣∣φ(n)(χ∗j )∣∣∣
∣∣∣∣(
n
2
)
max
k∈1,n
∣∣∣φ(n)(χ∗k)∣∣∣

ZKHUH
(
n
k
)
LV WKH ELQRPLDO FRHII FLHQW DQG (χ∗k)k∈1,n
LV WKH YHFWRU RI GLPHQVLRQOHVV DEVFLVVDH PDWFKLQJ WKH
ORFDO PRGH VKDSH H[WUHPD
í
í



φ(5)(x)
−Lb/2 0 Lb/2
x
(S1) (S2)
)LJ  )LIWK PRGH VKDSH IRU VWUXFWXUHV 6 DQG 6
)RU ERWK VWUXFWXUHV σ(5)H LV UHVSHFWLYHO\ HTXDO WR 
IRU 6 DQG  IRU 6 ZLWK DQ ((0&& SUHWW\
PXFK HTXDO (k(5)eﬀ  0.10) +HQFH WKH GHVLJQ ZKLFK
RSWLPL]HV WKH HQHUJ\ FRQYHUVLRQ IRU PRGH  LV QRW IRU
WKH KRPRJHQHLW\ 7KLV FRQFOXVLRQ FDQ EH JHQHUDOL]HG
IRU I H[XUDO PRGH VKDSHV ZLWK D UDQN n ≥ 3
 &21&/86,21
7KLV SDSHU KDV SUHVHQWHG DQ XQLGLPHQVLRQDO DQDO\WL
FDO PRGHOOLQJ RI D EHDP H[FLWHG E\ DFWXDWRU FHUDPLFV
RI ZKDWHYHU QXPEHU 7KLV DSSURDFK LV D I UVW VWHS LQ
YLHZ RI DQ RSWLPL]DWLRQ RI WDFWLOH GHYLFHV XVLQJ WKH
VTXHH]H I OP HIIHFW 7KLV SKHQRPHQRQ LV JHQHUDWHG
EHWZHHQ D YLEUDWLQJ SODWH DFWLYDWHG E\ SLH]RHOHFWULF
FHUDPLFV DQG DQ XVHU¶V I QJHU ,W LV WKXV LPSRUWDQW WR
SUHFLVHO\ NQRZ WKH DFWXDWRUV LPSDFW RQ WKH G\QDPLF
RI VXFK D VWUXFWXUH )URP WKH VWXG\ RI WZR VWUXF
WXUHV FRPSRVHG RI WZR DFWXDWRU FHUDPLFV WKLV DUWLFOH
KDV KLJKOLJKWHG D WUDGHRII WR DFW EHWZHHQ WKH SURPR
WLRQ RI D PHFKDQLFDO PRGH VKDSH DQG LWV KRPRJHQHLW\
ZKLFK PD\ EH XQDFFHSWDEOH IRU WDFWLOH IHHGEDFN GH
YLFHV LI LW LV QRW SURYLGHG )RU IXWXUH ZRUNV LW ZRXOG
EH LQWHUHVWLQJ WR VWXG\ WKH LQI XHQFH RI WKH IXQFWLRQ
VHQVRU DFFRPSOLVKHG E\ H[WUD FHUDPLFV $Q H[WHQVLRQ
WR D ' PRGHO LV DOVR HQYLVDJHG
$&.12:/('*(0(176
7KLV ZRUN KDV EHHQ FDUULHG RXW ZLWKLQ WKH IUDPH
ZRUN RI WKH )8, 728&+,7 7DFWLOH 2SHQ 8V
DJH ZLWK &XVWRPL]HG +DSWLF ,QWHUIDFH 7HFKQRORJ\
SURMHFW DQG LV VXSSRUWHG E\ WKH ,5&,&$ ,QVWLWXW GH
5HFKHUFKH VXU OHV &RPSRVDQWV ORJLFLHOV HW PDWpULHOV
SRXU O¶,QIRUPDWLRQ HW OD &RPPXQLFDWLRQ $YDQFpH
5()(5(1&(6
>@ 0 :LHUWOHZVNL - /R]DGD DQG 9 +D\ZDUG 7KH
6SDWLDO 6SHFWUXP 2I 7DQJHQWLDO 6NLQ 'LVSODFH
PHQW &DQ (QFRGH 7DFWXDO 7H[WXUH ,((( 7UDQV
DFWLRQV RQ 5RERWLFV 9RO  1R  SS 
-XQH 
>@ 7 :DWDQDEH DQG 6 )XNXL $ 0HWKRG IRU &RQ
WUROOLQJ 7DFWLOH 6HQVDWLRQ RI 6XUIDFH 5RXJKQHVV
8VLQJ 8OWUDVRQLF 9LEUDWLRQ  ,((( ,QWHUQD
WLRQDO &RQIHUHQFH RQ 5RERWLFV DQG $XWRPDWLRQ
1DJR\D -DSDQ 9RO  SS  0D\ 
 
>@ 0 %LHW ) *LUDXG DQG % /HPDLUH6HPDLO ,P
SOHPHQWDWLRQ RI 7DFWLOH )HHGEDFN E\ 0RGLI\
LQJ WKH 3HUFHLYHG )ULFWLRQ 7KH (XURSHDQ 3K\V
LFDO -RXUQDO $SSOLHG 3K\VLFV 9RO  1R 
SS  -XO\ 
>@ / :LQI HOG - *ODVVPLUH -( &ROJDWH DQG
0 3HVKNLQ 73D' 7DFWLOH 3DWWHUQ 'LV
SOD\ WKURXJK 9DULDEOH )ULFWLRQ 5HGXFWLRQ 
:RUOG +DSWLFV &RQIHUHQFH 7VXNXED -DSDQ
SS  0DUFK  
>@ 3 6HUJHDQW ) *LUDXG DQG % /HPDLUH6HPDLO
*HRPHWULFDO RSWLPL]DWLRQ RI DQ XOWUDVRQLF WDF
WLOH SODWH 6HQVRUV DQG $FWXDWRUV $ 3K\VLFDO
9RO  1R  SS  -XQH 
>@ - 'XFDUQH 2 7KRPDV DQG -) 'H 3ODFHPHQW
DQG GLPHQVLRQ RSWLPL]DWLRQ RI VKXQWHG SLH]R
HOHFWULF SDWFKHV IRU YLEUDWLRQ UHGXFWLRQ -RXU
QDO RI 6RXQG DQG 9LEUDWLRQ 9RO  1R 
SS  -XO\ 
>@ & 0DXULQL 0 3RUI UL DQG - 3RXJHW 1XPHUL
FDO PHWKRGV IRU PRGDO DQDO\VLV RI VWHSSHG SLH]R
HOHFWULF EHDPV -RXUQDO RI VRXQG DQG 9LEUDWLRQ
9RO  1R  SS  'HFHPEHU 
>@ -1 5HGG\0HFKDQLFV RI /DPLQDWHG &RPSRVLWH
3ODWHV DQG 6KHOOV 7KHRU\ DQG $QDO\VLV  6HFRQG
(GLWLRQ &5& 3UHVV SS  
>@ - <DQJ $QDO\VLV RI 3LH]RHOHFWULF 'HYLFHV
:RUOG 6FLHQWLI F 3XEOLVKLQJ SS  
>@ $ 3UHXPRQW 0HFKDWURQLFV '\QDPLFV RI
(OHFWURPHFKDQLFDO DQG 3LH]RHOHFWULF 6\VWHPV
6SULQJHU SS  
>@ 7 ,NHGD )XQGDPHQWDOV RI 3LH]RHOHFWULFLW\ 2[
IRUG 8QLYHUVLW\ 3UHVV SS  
>@ & /DQF]RV 7KH 9DULDWLRQDO 3ULQFLSOHV RI 0H
FKDQLFV  )RXUWK (GLWLRQ 'RYHU 3XEOLFDWLRQ
SS  
>@ ,((( 6WDQGDUG RQ 3LH]RHOHFWULFLW\ $16,,(((
6WG  SS  
